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Within mean field theory, we investigate the bridging transition between a pair of parallel cylindrical colloids
immersed in a binary liquid mixture as a solvent which is close to its critical consolute point Tc. We determine
the universal scaling functions of the effective potential and of the force between the colloids. For a solvent
which is at the critical concentration and close to Tc, we find that the critical Casimir force is the dominant
interaction at close separations. This agrees very well with the corresponding Derjaguin approximation for
the effective interaction between the two cylinders, while capillary forces originating from the extension of
the liquid bridge turn out to be more important at large separations. In addition, we are able to infer from
the wetting characteristics of the individual colloids the first-order transition of the liquid bridge connecting
two colloidal particles to the ruptured state. While specific to cylindrical colloids, the results presented here
provide also an outline for identifying critical Casimir forces acting on bridged colloidal particles as such, and
for analyzing the bridging transition between them.
I. INTRODUCTION
Critical Casimir forces (CCF) are an example of
solvent-mediated effective interactions which act on
mesoscopic-sized colloids as a result of confined ther-
mal fluctuations in a liquid which is close to its crit-
ical point. These forces are the classical analogue in
soft matter of the celebrated Casimir effect in quan-
tum electrodynamics,1 which predicts the attraction be-
tween two parallel metal plates in vacuum. Despite the
challenges associated with measuring CCF experimen-
tally, progress has been made, first indirectly by study-
ing the thickness of wetting films of a fluid close to its
critical end point,2–6 following theoretical predictions.7–9
Only recently direct measurements of CCF have been
reported10–14 from monitoring the thermal motion of in-
dividual colloidal particles near a planar wall when they
are immersed in a critical solvent such as a binary liq-
uid mixture close to its critical point of demixing. These
experimental results are in excellent agreement with the
theoretical predictions,10,11,13,15 underscoring the quan-
titative reliability of the concept of universality for crit-
ical phenomena in confined geometries. The theoreti-
cal results concerning CCF acting on actually spheri-
cal colloidal particles have been obtained by using field-
theoretic methods16–23 or Monte Carlo simulations.24
The bridging transition between two colloids is an-
other distinct phenomenon resulting also from confine-
ment and can be thought of as being analogous to cap-
illary condensation, in which the vapor condensates at a
pressure below the saturation vapor pressure (see, e.g.,
Refs. 25 and 26). This phenomenon is common to nar-
row geometries such as capillaries. Likewise, if two col-
a)laurent@is.mpg.de
b)law@is.mpg.de
loids of similar surface chemistry are brought close to
one another, a liquid bridge between the two colloids can
form.27 This effect has been well studied in the past, both
experimentally28–34 and theoretically.35,36 These studies
make use of the Young-Laplace equation which allows
one to predict the ‘capillary’ force, acting between the
colloids connected by a liquid bridge with a nonzero con-
tact angle, through relating the mean curvature of the
liquid bridge to the pressure difference across the in-
terface. In addition, the critical distance between the
colloidal particles, at which the liquid bridge connecting
them ruptures, follows a simple rule, according to which
this rupture point is directly proportional to the cubic
root of the volume of the liquid bridge.36 Furthermore,
aggregation of an ensemble of colloids can be initiated
through changing temperature which varies the strength
of the CCF. This allows one to control whether the col-
loidal particles aggregate as a result of occupying the
minimum of their effective interaction potential,37 thus
providing a mechanism to create self-assembled colloidal
structures.38–42
The present study aims at studying the nature of the
bridging transition near Tc and the effective interaction
between two cylindrical, parallel colloids which are con-
nected by a liquid bridge of their solvent such as a binary
liquid mixture close to its critical consolute point. This
kind of configuration is encountered upon focussing on
the two-phase α-β coexistence region of the solvent. As
illustrated in Fig. 1, we consider two cylindrical colloidal
particles of equal radius R which are macroscopically
elongated along the translationally invariant y direction.
At a given temperature the colloids are fixed to be par-
allel and it is only their surface-to-surface separation D
which is considered to vary. In recent years, studies have
been carried out which have examined related issues for
spherical particles by using local field theory,43,44 density
functional theory,45–47 and Monte Carlo simulations.48,49
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2Here, the cylindrical colloids prefer the α phase. Thus
the global minimum of the free energy has them sur-
rounded by a macroscopic α phase, in coexistence with
a colloid-free β phase. However, we consider the broad
and stable local minimum according to which the col-
loids are trapped in the β phase, sufficiently far away
from the α-β interface, so that the interface is located
outside our numerical calculation box (e.g., according to
Ref. 50 the effective potential of a single colloid changes
notably only close to the interface, and remains constant
if the colloid is placed deeply within either phase). We
note that in Ref. 47 an analogouse situation has been
studied for cylindrical particles in a solvent at gas-liquid
coexistence. Our assumption of strong adsorption on the
surface of the colloids corresponds to the case of complete
wetting in Ref. 47.
It has been shown that in binary liquid mixtures
with off-critical concentrations (specifically, in solvents in
which the species favored by the surfaces of the colloids
has a low concentration in the reservoir) the colloidal
particles strongly aggregate. We extend these insights
by studying the solvent only at its critical composition.
We find that, depending on the temperature of the sys-
tem, strong effective interactions between the colloids can
emerge despite of not being off the critical composition of
the solvent. We are able to interpret the bridging transi-
tion between two colloids in terms of the adsorption layer
at the surface of a single colloid. This result lends itself
for being tested experimentally.
Our analysis is organized as follows: In Sec. II we out-
line the relevant background of critical phenomena for
confined systems belonging to the Ising universality class
and we formulate the mean field theory (MFT) our study
is based on. In Sec. III we present the mean field order
parameter profiles for such systems which provide visual
insight into the fluid structures close to the colloids as the
system is brought towards its critical point. We present
the calculated free energy in terms of the scaling func-
tion of the effective potential. In order to examine the
dominant contributions of the interactions between the
colloids at small separations, we compare these results
with those obtained within the so-called Derjaguin ap-
proximation (see Appendix A), which agree very well for
small interparticle separations. The scaling function of
the effective potential allows one to determine the transi-
tion point of the liquid bridge, i.e., the distance at which
the free energies of the bridged state and of the separated
state are equal. In Sec. IV, we analyze the single parti-
cle profiles as a means to estimate the transition point.
Then, we present the phase diagram of the transition be-
tween the bridged state and the separated state as well as
an estimate for the rupture distance in the non-critical
regime. Following this approach, we analyze the effec-
tive interaction potential and the force acting between
the colloids as a function of temperature. In Sec. V we
provide a summary and conclusions.
FIG. 1. Cross-section of the system under study. It consists
of two cylindrical colloids of radius R with a preference for the
adsorption of the α (A-rich, colored in red) phase, surrounded
by the β (B-rich, colored in blue) phase. In the bulk the
phases α and β coexist. The system is fixed at the critical
composition and at reduced temperatures t = (T − Tc)/Tc <
0. The surface-to-surface separation is denoted as D. The
colloids are aligned parallel to each other. Thus we investigate
the effective interaction between the two colloids for different
separations, i.e., we study the dependence of the interaction
on z for temperatures below the critical point (t < 0). The
colloids are taken to be small enough so that gravitational
effects are neglible.
II. THEORY
A. Critical phenomena
Upon approaching the critical point of a fluid, for ex-
ample through changing the temperature T towards the
critical temperature Tc at the critical concentration of a
binary liquid mixture, thermal fluctuations become very
pronounced, long-lived, and long-ranged. The resulting
structural properties are characterized by an order pa-
rameter φ, which for a binary liquid mixture is given
by the difference between the local concentration of, say,
species A of the fluid mixture, and its critical value. The
order parameter is spatially correlated over the length
scale set by the bulk correlation length ξ. At the critical
point, it diverges algebraically according to ξ± = ξ±0 |t|−ν ,
where ‘±’ indicates positive (+) or negative (−) values
of the reduced temperature t = (T − Tc)/Tc, and ν is a
standard bulk critical exponent with ν ' 0.63 in d = 3
and ν = 1/2 in MFT.51 The reduced temperature t is de-
fined in such a way that, for a binary liquid mixture, t > 0
corresponds to the homogeneous (disordered) state of the
3fluid, whereas t < 0 corresponds to the phase-separated
(ordered) state. For a lower critical point, which is com-
mon to many experimentally relevant liquid mixtures, the
sign of t is reversed. In the present analysis, we consider
an upper critical demixing point and exclusively focus on
the ordered (t < 0) phase. The non-universal amplitudes
ξ±0 of the correlation length, which are of molecular scale,
form the universal ratio Rξ = ξ
+
0 /ξ
−
0 = const. In spatial
dimensions d = 3, one has Rξ ' 1.9651 and within MFT
Rξ =
√
2.52,53
Due to the divergence of ξ at Tc, only a few gross
features of the system, such as the spatial dimension,
the dimensionality of the order parameter, and the range
of the molecular interactions determine the asymptotic
behavior (t → 0 and large distances) of the correlation
functions and of thermodynamic quantities. As a result,
systems which might differ significantly at a microscopic
level can be described within the same theoretical frame-
work, such that their asymptotic physical characteristics
are captured completely by universal scaling functions,
which are unique to the corresponding bulk and surface
universality classes.54,55 Here, we focus on binary liquid
mixtures which belong to the Ising universality class. Ac-
cording to renormalization group theory, MFT is reliable
in determining the universal properties of critical phe-
nomena for spatial dimensions d above the upper critical
dimension, d > duc = 4, and, up to logarithmic correc-
tions, for d = duc. Therefore, the use of MFT for the
remainder of this paper applies to a system in d = 4,
which is taken to be spatially invariant along the fourth
dimension. Therefore, the results for the free energy and
the critical Casimir force presented below are those per
length along this extra dimension. Moreover, these MFT
results represent the leading contribution in a systematic
expansion in terms of  = 4− d.
If a confining surface is inserted into a binary liquid
mixture, the generically preferred adsorption of one of
its two components leads to an increase of the absolute
value of the order parameter φ of the surrounding solvent
within the range of the bulk correlation length. This be-
havior characterizes the so-called ‘normal’ surface univer-
sality class corresponding to strong critical adsorption at
the surface.56,57 Upon approaching Tc, the spatial range
of the surface effects is enhanced due to the divergence
of the correlation length. The potential presence of an-
other confining object therefore affects the spectrum of
fluctuations within the fluid, resulting in an effective in-
teraction between the confining walls.7 According to the
corresponding theory of finite-size scaling,8 these criti-
cal Casimir forces and their potentials are described by
universal scaling functions which depend on the type of
boundary conditions imposed on the order parameter at
each of the confining surfaces. If the adsorption prefer-
ences of the two confining surfaces are the same, they
attract each other. For opposite adsorption preferences,
the critical Casimir interaction is repulsive.11
In the present study we consider two solid cylindrical
colloids confining the (near-)critical fluid, as illustrated
in Fig. 1. The α-β interface, which emerges between the
adsorption layer α and the bulk fluid β and which sur-
rounds both colloids if they are sufficiently close, has a
characteristic intrinsic width which scales with the bulk
correlation length. Previous studies focused on the ef-
fective interaction between cylinders above the critical
temperature, i.e., t > 0 in the case of an upper criti-
cal point.19 Since we consider only temperatures t < 0,
our analysis is therefore focussed on two-phase systems.
This allows us to study, as a function of temperature,
the properties of the liquid bridge connecting the two
colloids.
B. Scaling behavior of the effective potential and of the
force
Close to the critical point, |t|  1, and at the critical
composition of the binary liquid mixture, the free energy
Ω of the system can be decomposed into a singular con-
tribution and a non-singular background term58
Ω = Ωsing + Ωnonsing. (1)
Within the critical regime, Ωsing is expected to exhibit
finite size scaling. We provide a framework discussing
this finite size scaling for the effective potential and for
the force using the definitions illustrated by Fig. 1. The
singular contribution to the total free energy is the sum
of three separate, identifiable contributions:
Ωsing = Ωb + 2 Ω
(β)
s,c + Ωi, (2)
where Ωb is the bulk free energy, Ω
(β)
s,c is the surface free
energy of each colloid in the β phase, and Ωi is the ef-
fective interaction, which includes the critical Casimir
interaction. The critical behavior of the bulk and surface
contributions of the total free energy is well-known and
exhibits scaling. Note that in Eq. (2) there are no ad-
ditional contributions from the side edges of the sample.
We adopt periodic boundary conditions along the axes of
the cylinders and the sample is taken to be large enough
so that the bulk values corresponding to the β phase are
attained in the other two directions.
The bulk free energy Ωb is proportional to the volume
Vβ filled by the liquid phase β of the binary liquid mix-
ture. Therefore the bulk free energy takes the following
form:
Ωb = kBT
Vβ
ξd+
a−b
α(1− α)(2− α) , (3)
where a−b is a universal number. Its value depends on
whether Vβ is expressed in units of ξ
d
+ or ξ
d
− (see Sec. IV
in Ref. 9 as well as Ref. 59 and note that a−b here equals
− (Rξ)d a−b with a−b as introduced in Eq. (4.11) in Ref. 9)
and α is the universal critical exponent of the bulk spe-
cific heat capacity. (Here and in the following we omit
4those correction terms of the free energy which are gen-
erated by additive renormalization.9) The total volume
filled by the liquid phase β is given by the total volume
of the system minus the volume of the two cylindrical
colloids of radius R:
Vβ = L ×
(
LxLz − 2piR2
)
, (4)
where Lx,z are the extensions of the β phase along the x
and z direction (see Fig. 1) and L is the extension of the
system along the invariant directions, i.e., L(d = 3) = Ly
and L(d = 4) = Ly L4.
From inserting both ξ+ = Rξ ξ
−
0 |t|−ν and Eq. (4) into
Eq. (3), one finds that the bulk free energy scales as
Ωb
kBT
=
LxLz − 2piR2
(ξ−0 )d
L a
−
b
α(1− α)(2− α) R
−d
ξ |t|dν , (5)
which provides the first term in Eq. (2).
The surface free energy Ω
(β)
s,c of a single colloid in the bulk
β phase is given by50
Ω(β)s,c = kBT
Ac
ξd−1+
ϑβ(R/ξ−), (6)
where Ac = L × 2piR is the surface area of one cylindri-
cal colloid and ϑβ is a universal scaling function. The
above expression can be rewritten in order to illustrate
the temperature dependence of the surface free energy of
the colloid:
Ω
(β)
s,c
kBT
=
2piR
(ξ−0 )d−1
Lϑβ
(
R
ξ−0 Rξ
|t|ν
)
R
−(d−1)
ξ |t|(d−1)ν .
(7)
Combining Eqs. (5) and (7) yields the total singular free
energy of the system:
Ωsing
kBT
=
LxLz − 2piR2
(ξ−0 )d
L a
−
b
α(1− α)(2− α)R
−d
ξ |t|dν (8)
+ 2× 2piR
(ξ−0 )d−1
Lϑβ
(
R
ξ−0 Rξ
|t|ν
)
R
−(d−1)
ξ |t|(d−1)ν
+ Ωi/kBT.
The last part, Ωi, is the contribution to the free energy
which originates from the finite separation between the
colloidal particles and thus represents the effective in-
teraction between them. According to finite size scaling,
this effective potential can be written in scaling form as19
Ωi
kBT
=
L
Rd−2
G
(
∆ =
D
R
,Θ− =
R
ξ−
)
, (9)
where D is the surface-to-surface distance between the
colloidal particles, R is the radius of a single colloid (see
Fig. 1), and ξ− is the correlation length (for T below
Tc). Note that the choice of the scaling form and of the
scaling variables is not unique. We have opted for the
choice ∆ = D/R and Θ− = R/ξ− because it allows one
to discuss separately the distance and the temperature
dependence, and with a view on experiments, the radius
R can be considered as being fixed. The scaling form
given by Eq. (9) holds generally for any geometric ob-
ject in d dimensions which has a characteristic size R in
2 directions but is invariant in d − 2 directions. In the
case of the geometry of a cylinder parallel to and close
to a planar substrate (i.e., ∆ → 0), it is known that at
the critical point the distance dependence of the corre-
sponding scaling function G(∆,Θ− = 0) for the effective
interaction follows the power law ∼ ∆−(d−3/2) which is
borne out by the scaling form15
Ωi
kBT
=
L
Rd−2
G(cyl)(∆,Θ−)
∆d−3/2
. (10)
The cylinder-specific scaling function G(cyl)(∆,Θ−) has
the propertyG(cyl)(∆→ 0,Θ− = 0) = const., i.e., it does
not contain the aforementioned divergence for ∆ → 0.
The same scaling argument applies to the case of two par-
allel cylinders (although the scaling functions are quan-
titatively distinct). Here, we shall use the scaling form
given by Eq. (9) which keeps the whole distance depen-
dence within the scaling function. However, the relation
G(∆,Θ−) = ∆−(d−3/2)G(cyl)(∆,Θ−) from Eqs. (9) and
(10) serves the purpose to facilitate the comparison with
various other presentations in the literature.
Due to the dependence of Ωi on the separation D
between the colloids, an effective critical Casimir force
Fsing emerges, which acts on the particles along the z-
direction (see Fig. 1):
Fsing = −∂Ωi
∂D
,
= −kBT L
Rd−1
∂
∂∆
G (∆,Θ−) , (11)
= kBT
L
Rd−1
K (∆,Θ−) .
In the following, the scaling function K of the force will
be investigated as a function of temperature; these results
will be reported in Sec. IV D. In order to make progress
in determining the effective potential and thus the force
acting between the colloidal particles, we resort to mean
field theory in order to be able to describe explicitly the
order parameter distribution around the colloids. This
approach is described in the following subsection.
C. Mean field theory
In order to study within MFT the order parameter in
the spatial region close to the colloids, we employ the
standard Landau-Ginzburg-Wilson fixed point Hamilto-
nian describing bulk and surface critical phenomena be-
5longing to the Ising universality class:54,55
H[φ(r)] =
∫
V
ddr
(
1
2
(∇φ(r))2 + τ
2
φ(r)2 +
u
4!
φ(r)4
)
+
∫
∂Vc
d(d−1)s
(
c(s)
2
φ(s)2 − h1(s)φ(s)
)
. (12)
H[φ] is a functional of the order parameter φ(r) describ-
ing the fluid in d-dimensional space, contained in the
volume V with the interior of the colloid excluded; ∂Vc
denotes the surface of the colloid with φ(r)|∂Vc = φ(s)
evaluated at the boundary, τ ∼ t measures the reduced
deviation of the temperature from Tc, and u > 0 ensures
the stability of H[φ] at temperatures below Tc. The sur-
face enhancement c(s) is, within MFT, the inverse ex-
trapolation length of the order parameter field and h1(s)
is an external, symmetry breaking surface field express-
ing the preference of the colloid surface for one of the two
species of the binary liquid mixture.54,55 In the present
study, we focus on the so-called normal surface univer-
sality class, which is the generic one for liquids and cor-
responds to the renormalization group fixed point values
c = 0, h1 = +∞, so that φ diverges at the surface of the
colloidal particles. Concerning the numerical implemen-
tation of the divergence, we employ a local short distance
expansion in order to obtain the values of the OP close to
the surface of the cylindrical colloids (see Refs. 60 and 61
for further details) and set these as Dirichlet boundary
conditions for the minimization.
MFT corresponds to considering only that configura-
tion of φ with the largest statistical weight and to neglect-
ing fluctuations of the order parameter. The MFT order
parameter profile defined through m ≡ (u/6)1/2〈φ〉 min-
imizes the Landau-Ginzburg-Wilson Hamiltonian (see
Eq. (12)), i.e., δH[φ]/δφ|φ=〈φ〉 = 0. Within MFT the
coefficient τ in H[φ] can be expressed in terms of the re-
duced temperature and the bulk correlation length below
Tc as τ = −|t|/(
√
2ξ−0 )
2.58
In order to minimize Eq. (12) numerically, we use
an effectively two-dimensional adaptive finite element
method62 which uses quadratic interpolation in order to
obtain a smooth order parameter profile.50 We have per-
formed the minimization iteratively (i.e., by recycling the
finite element mesh of the previous solution in order find
the next one) as a function of the reduced temperature
t and we have compared these results with non-iterative
ones in order to check for any hysteresis effects. We em-
phasize that although we have varied the reduced temper-
ature t stepwise, the results correspond to a set of equi-
librium order parameter profiles. In an experimental set-
ting, they would be obtained at best by very slowly heat-
ing or cooling the sample and waiting for equilibration.
Therefore these results represent a sequence of static be-
haviors and are not dynamic in any sense. The iteration
can be implemented all the same by stepwise changes of
the distance D. However, we expect a quasi-static ex-
perimental realization of this protocol to be much more
difficult.
We have inferred the force acting on the colloids from
the numerically determined order parameter profiles, by
first calculating the effective interaction potential and
then taking the derivative with respect to the separa-
tion D. In order to determine the force, previous studies
used the stress tensor,21,22,50 but this method is not vi-
able for the present case because the interfaces forming
near the colloids exhibit large order parameter gradients
which are prone to significant numerical errors.
III. RESULTS
A. Two particle order parameter profiles
We start our study by presenting the distribution of
the order parameter φ for the binary solvent in the pres-
ence of two cylindrical, parallel colloidal particles. The
explicit spatial variations of φ are calculated along the
lines discussed in Sec. II. Beyond such explicit (and thus
approximate) calculations, for the present system under
study, the theory of finite size scaling states that below
but close to the critical point the order parameter ex-
hibits the scaling form19
φ(r, t) = A |t|β P±
(
x
ξ±
,
z
ξ±
; ∆=
D
R
,Θ±=
R
ξ±
=
R
ξ±0
|t|ν
)
,
(13)
where A is the non-universal amplitude of the bulk or-
der parameter with β ' 0.33 in d = 3 and β = 1/2 in
d = 4 as one of the standard bulk critical exponents. D
denotes the surface-to-surface distance between the two
colloids of equal radius R and (x, z) are the coordinates
of a point in the surrounding liquid. For the given geom-
etry, we conveniently choose the coordinate system such
that the y-axis is aligned with the axes of the parallel
cylinders, so that φ is independent of that translation-
ally invariant direction. The z-axis connects the centers
of the two colloids (see Fig. 1) and the origin (0, 0) is
located at the center of the “bottom” particle (assum-
ing the reader is holding the page upright). We remark
that for T ≥ Tc the order parameter vanishes far away
from the colloids and exhibits critical adsorption as de-
scribed by the scaling function P+(x/ξ+, z/ξ+; ∆,Θ+).
60
At T = Tc, in Eq. (13) both scaling functions P± render
the same, unique order parameter distribution.
In this study, we focus on the phase-separated region
T < Tc. The boundary conditions are chosen such that
the surfaces of the colloids strongly prefer the α phase,
whereas far from the colloids the coexisting β phase pre-
vails. In Fig. 2, P−(x/ξ−, z/ξ−; ∆,Θ−) is shown for the
rescaled temperature Θ− = 16.1 at the rescaled surface-
to-surface distance ∆ = 2.35. Two distinct profiles can
be found, one in which the two particles are connected
by an A-rich liquid bridge in Fig. 2(a), and one where
each colloid is covered by a wetting-like layer of the α
phase, the thickness of which is finite due to the curva-
ture of the colloid surfaces.63 At the given rescaled dis-
6tance ∆ = 2.35, the two configuration have the same free
energy. However, the bridged state (a) is more stable
for smaller separations or upon approaching the critical
point. In reverse, the separated state prevails for larger
separations and further away from Tc. The two profiles
in Fig. 2 have been obtained along two thermodynamic
paths, moving away from Tc in (a) and approaching Tc
in (b).
Quantitatively, in the α phase one has φα = A|t|β
(withA > 0), so that φβ = −A|t|β . Accordingly, far from
the colloids P− reduces to the value −1 (see Eq. (13)).
In the presence of a liquid bridge (Fig. 2(a)), a sharp α-β
interface is formed around both colloidal particles, the
position of which can be described by the implicit equa-
tion P− = 0. Within that bridge, the scaling function
P− attains the bulk value of the α phase, P− = 1. The
liquid bridge exposes partially the preferred α phase to
the colloids, thus reducing the surface free energy. The
total free energy is counterbalanced by the additional in-
terfacial energy required in order to maintain the bridge.
Figure 2(b) shows that, at the transition distance be-
tween the bridged and separated state, the two separate
wetting layers around the particles are de facto circularly
symmetric, indicating that at this temperature the par-
ticles do not strongly interact with each other, in a way
which is visibly distorting the A-rich fluid encasing each
of the two colloids.
Note that the straight, flat shape of the bridge is not an
artificial feature of the method, but a particular feature of
the cylindrical geometry itself. In order to provide a short
rationale, one has to realize that the cylinders extend
out of the figure plane and thus the interface stretches
along the y-direction by a length Ly. Any bending of
the straight interface into the gap between the cylinders,
such that the interface would wrap more closely around
them, increases the arc length s =
∫
ds(z) and the surface
area Ac = Ly s ≥ Ly l compared to the straight bridge
of length l. In contrast, for spherical colloids, a bridge
forms with a thinner neck between the particles, which
bends inwards.27–36,45–47,49 Considering a very sharp in-
terface, the liquid bridge connecting the two spheres is a
solid of revolution, e.g., a cylinder with radius Rc for a
straight bridge or a “body” with varying radius r(z). Ac-
cording to Guldin’s theorem, the surface area of a solid
of revolution with length l is given by As = 2pi l r, where
r = (1/l)
∫ l
z=0
r(z) ds(z) is the radial distance of the cen-
troid of the profile r(z). Evidently, a tapering of the ra-
dial profile decreases the radial distance of the centroid
and thus the surface area As = 2pi l r ≤ 2pi l Rc decreases
compared to that of the straight bridge. Thus the sur-
face free energy contribution, which is proportional to
the surface area of the interface, is minimized by profiles
which are very different for two cylinders and for two
spheres. Although cylindrical colloids are more difficult
to realize experimentally, large elongated colloids can be
fabricated and their physical properties can be studied
(see, e.g., Refs. 64–67). Within the present theoretical
study, it turns out that they provide a particularly clear
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FIG. 2. Scaling function P−(x/ξ−, z/ξ−) describing the order
parameter profile around two colloids for Θ = R/ξ− = 16.1
at the rescaled distance ∆ = D/R = 2.35 corresponding to
the first-order transition between the (a) bridged and (b) sep-
arated configuration. The surfaces of the gray colloids prefer
the α phase (P− > 0, red color) whereas far from the col-
loids the β phase prevails (P− = −1, blue color). Within the
numerical procedure, the actual OP profile is not resolved
inside a shell of radii R and 1.05R (white ring) due to the di-
vergence of P− →∞ at the surface of the colloids. Instead, in
this shell the analytic expression for the asymptotic behavior
of the profile60 is used. The black dashed iso-lines correspond
to P− = 0. Within the liquid bridge in (a), the scaling func-
tion P−(x/ξ−, z/ξ−) follows mostly the bulk value of the α
phase, i.e., P− = 1 (see the rather uniform orange color).
model system which allows one to identify the main ef-
7fects associated with bridge formation.
We now consider the case in which the system is closer
to the critical point Tc. Upon decreasing the rescaled
temperature of the system to Θ− = 8.0 (see Fig. 3), the
transition distance increases to ∆ = 3.48 along with the
increasingly long-ranged correlations. The halos around
the two colloids extend farther out, and the interfacial re-
gion, both of the bridge and around the cylinders, is more
smeared out. Moving even closer to Tc, i.e., Θ− → 0,
these trends become even more pronounced: the transi-
tion distance then exceeds the plot range and the inter-
face between the α- and β-rich phases becomes smeared
out over a range comparable to the size of the colloids;
accordingly the bridge becomes less clearly visible.
B. Distance dependence of the scaling function for the
effective potential
We now turn our attention to the effective potential be-
tween the two colloidal particles, in the bridged and the
ruptured state. As already mentioned in Sec. II, the sin-
gular part of the effective potential takes the form given
by Eqs. (8) and (9). This form of the scaling function G
is suitable for studying the dependence on the distance
D of the effective potential Ωi acting between the col-
loidal particles. The MFT results for the bridged states,
obtained by using numerical minimization as described
in Sec. II C, are shown in Fig. 4.
In Fig. 4(a), for the rescaled temperatures Θ− = 12.25,
6.00, and 0.45, we show the scaling function G as a func-
tion of ∆, normalized by the critical Casimir amplitude
k(+,+)(0) = ∆(+,+) = −283.61u−1 (i.e., the amplitude
of the critical Casimir force between two equal, symme-
try breaking, parallel plates at the critical temperature
— see Ref. 68 for further details) so that the results are
independent of the dimensionless, unspecified coupling
parameter u. The data corresponding to the system fur-
thest from the critical point, i.e., for Θ− = 12.25, clearly
reflect three stages of the evolution of the liquid bridge.
(i) For large separations ∆  1, one finds G > 0 for
the bridged state. Since the surface free energy 2 Ω
(β)
s,c
of two separate colloids is not included in Ωi/(kBT ) =(L/R(d−2))G, a vanishing value G = 0 corresponds to
the free energy of the completely separated state. Thus
for ∆ 1 the bridged state is only metastable compared
to the separated state. In order to further illustrate this
metastability, for Θ− = 12.25 we have followed the sep-
arated state along the reverse thermodynamic path be-
yond the transition distance at which the two free energy
branches intersect. The resulting free energy of the sep-
arated state is very small and varies only very weakly.
Upon lowering D this state adheres to very small val-
ues of G until it suddenly jumps onto the lower free en-
ergy branch of the stable, bridged state (see the vertical
dashed line). Note that the bridged and separated states
have actually been obtained along two thermodynamic
paths, moving away from Tc and approaching Tc, respec-
(a)
-20 0 20
x/ξ−
-20
0
20
40
60
z
/ξ
−
-1.5
-1
-0.5
0
0.5
1
1.5
P−(x/ξ−, z/ξ−)
Θ− = 8.0, ∆ = 3.48
β
α
(b)
-20 0 20
x/ξ−
-20
0
20
40
60
z
/ξ
−
-1.5
-1
-0.5
0
0.5
1
1.5
P−(x/ξ−, z/ξ−)
Θ− = 8.0, ∆ = 3.48
β
FIG. 3. The same as Fig. 2 but for Θ− = 8.0 at the transition
distance ∆ = 3.48, with the bridged configuration in (a) and
the separated one in (b). Note that upon approaching Tc,
i.e., for Θ− → 0 the correlation length ξ− increases, result-
ing in a smaller scale of the plot. Still, in units of ξ−, the
halos around the particles are larger than in Fig. 2 and the
transition distance has increased noticeably. For even smaller
values of Θ−, the transition distance exceeds the plot range
and requires also larger numerical calculation boxes.
tively, which renders the metastability upon varying the
distance D between the colloids, provided scaling holds.
(ii) For intermediate rescaled distances 0.5 < ∆ < 2.5,
the scaling function G increases linearly upon increasing
∆. This is a clear signature of the effective potential
being dominated by the surface free energy contribution
of the α-β interface, which encloses the bridge, because
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FIG. 4. Normalized scaling function G (Eq. (9)) of the effective potential between two cylindrical parallel colloids. In (a)
G is plotted as a function of ∆ for three rescaled temperatures Θ−. The data points are numerical MFT results. The red
data points, which form a line with a significant slope, correspond to the free energy branch of the bridged state. The red
data points close to zero correspond to the weak interaction of the separated configuration. The bridged state prevails upon
increasing D from small values whereas the separated state prevails upon decreasing D from large values. The thin vertical
dashed line at ∆ ' 1.27 serves as a guide for the eye indicating the corresponding hysteretic behavior. (Its pendant, dropping
off to zero from the positive part of the red line, is located at ∆ > 3 which has not been reached numerically and thus is
not shown.) For Θ− = 6.00 and Θ− = 0.45 for reasons of clarity only the data for the bridged state are shown. Note that
here the surface free energy 2 Ω
(β)
s,c is subtracted from the definition of G (see Eqs. (2) and (9)), so that G = 0 corresponds
to the free energy of the state of two completely separate colloids. The transition distance Dt/R is determined by G = 0
so that Dt(Θ− = 12.25)/R ' 2.7. Upon increasing D, the bridged state may extend beyond the transition point given by
the position of the intersection of the two branches. On the other hand, the separated state may exist as a metastable state
for the two colloids pushed together closer than the transition distance. The intermediate region is dominated by the cost of
stretching the interface enclosing the bridge which leads to the linear increase of G; the slopes match perfectly with the surface
tension contribution to the force (see Eq. (16) and the thick dashed lines). See the main text for an in-depth discussion of this
functional behavior. (b) The same data as in (a) but here |G| is shown on double-logarithmic scales for separations ∆ 6 1.
The open symbols represent full, numerical data, and the solid colored lines are the Derjaguin approximations thereof. There
is a tendency of the MFT results and of the Derjaguin approximation to more closely follow, on these scales, a straight line for
Θ− → 0, i.e., T → Tc. This indicates the power law G(∆ → 0) ∝ ∆−(d−3/2) (see Eqs. (9) and (10)), i.e., ∝ ∆−5/2 for d = 4
(black dashed line). For further discussions see the main text.
the surface area increases linearly upon stretching the
interface. (The concomitant increase of the bridge vol-
ume does not generate a free energy cost because the
two bulk phases α and β are in thermal equilibrium.)
In fact, the slope ∂G/∂∆ = −K of the scaling function
matches exactly the interfacial tension contribution Kσ
to the scaling function K of the force (see Eq. (11)).
In order to verify this, we start by identifying within
MFT the interfacial contribution to the force for a rigid
interface. Increasing the separation between the cylin-
ders by an infinitesimal amount dD increases the inter-
face area by dA = 2L dD, which corresponds to adding
two rectangular stripes of area ∝ dD each. In accordance
with Eq. (11) the interfacial tension is
σ =
dΩi
dA
=
1
2L
dΩi
dD
= −1
2
kBT
Rd−1
K. (14)
Near Tc the interfacial tension scales as σ = σ0 |t|(d−1)ν
where σ0 is a non-universal amplitude.69 The interfacial
tension can be written in terms of quantities introduced
in Sec. II B:
σ
kBT
= Rσ
(
ξ+0
)−(d−1) |t|µ, (15)
where Rσ = 4
√
2u−1 = 4
√
2 |∆(+,+)|/283.61 and µ =
(d − 1)ν = 3/2 for d = 4.50 Therefore, the interfacial
tension contribution to K can be written as
−Kσ = 2Rσ
Rd−1ξ
(
R
ξ−
)d−1
=
Rσ√
2
(Θ−)3 =
|∆(+,+)|
70.9
(Θ−)3,
(16)
in terms of the scaling variable Θ− and using Rξ =
√
2
in d = 4. In Fig. 4(a) the linear relation (−Kσ)∆ is
indicated by thick dashed lines for each rescaled temper-
ature Θ−. The slopes agree perfectly with the numerical
results, considering especially that Kσ/∆(+,+) depends
only on Θ− and the a priori fixed amplitude (70.9)−1.
This confirms that the interface tension is the dominant
contribution to the scaling function G of the potential for
intermediate separations ∆.
(iii) At very close separations (∆ ≤ 0.5), there is a
strongly attractive force ∝ ∂G∂∆ which is stronger than the
one required to stretch, upon increasing ∆, the area of the
α-β interface enclosing the bridge. The enhancement of
the effective potential is found to be driven by the critical
Casimir effect. Since the deviations become significant
9only for ∆ = D/R → 0, corresponding to the limit of
large colloids, due to their small curvature the surfaces
resemble two planar parallel walls. One expects that in
this limit the effective potential for two colloids can be
expressed in terms of the critical Casimir forces in the
film geometry. This approach can be implemented by
using the so-called Derjaguin approximation (see, e.g.,
Refs. 13, 15, and 70). For two cylinders with the same
adsorption preference immersed in a near-critical solvent,
the Derjaguin approximation for the effective potential
is given by (see Eq. (9))
Ωi,DA
kBT
=
L
Rd−2
GDA(∆,Θ−), (17)
where
GDA(∆,Θ−) = ∆−(d−3/2)G
(cyl)
DA (∆,Θ−), (18)
and
G
(cyl)
DA (∆,Θ−) = 2
∞∫
1
dη
√
η − 1 η−d k(+,+)(η∆ Θ−)
− 2
∞∫
1+∆−1
dη
(√
η − 1−∆−1/2
)
η−d k(+,+)(η∆ Θ−),
(19)
where k(+,+) is the scaling function of the CCF between
two planar walls with equal (+) boundary condition.22
The full details of this Derjaguin approximation for two
cylinders are presented in Appendix A. In Fig. 4(b) we
plot the effective potential for small interparticle sepa-
rations and compare it with the Derjaguin approxima-
tion for two cylinders (note the double-logarithmic scales
of the axes which facilitate to resolve the observed be-
havior). The agreement between the numerical data
(open symbols) and the analytical prediction obtained
via the Derjaguin approximation (solid lines) is very good
for all three rescaled temperatures studied in the range
∆ < 1. The emergence of long-ranged correlations upon
approaching Tc, i.e., Θ→ 0 gives rise to the intuitive ex-
pectation that the Derjaguin approximation is valid even
for ∆ . 1. Indeed, this behavior becomes more pro-
nounced for the rescaled temperature Θ− = 0.45, i.e.,
closer to Tc. Here, the agreement is very good, even for
larger values of ∆. The power-law behavior ∝ ∆−(d−3/2)
of the effective potential emerges clearly, as predicted by
the DA. This observation is also in agreement with the
down-shift of the critical point which occurs for finite size
systems undergoing capillary condensation:71 For sym-
metry breaking boundary conditions at the surfaces, the
film critical point is shifted both in temperature (towards
lower Tc(D) < Tc(∞) = Tc,bulk) and composition of the
solvent such that for small separations between the col-
loids, i.e., for ∆ . 0.5, CCF are present even for tem-
peratures which can be considered as being not close to
the bulk critical point of the solvent. For larger ∆, this
behavior crosses over to the regime linear in ∆ within
which the free energy cost of stretching the interface of
the bridge dominates the effective potential.
Considering again Fig. 4(a), for the intermediate
rescaled temperature, Θ− = 6.00, the trends in behav-
ior are qualitatively very similar to those in the previous
case Θ− = 12.25. The major difference is that close
to Tc the strength of the effective interaction, which is
the magnitude of the scaling function G(∆ → 0), is re-
duced. For the temperature closest to the critical point,
i.e., Θ− = 0.45, there is a very gradual increase of the
effective potential upon increasing ∆. Therefore, upon
approaching the critical point Θ− = 0, the distinction be-
tween the three regimes discussed above becomes blurred.
When discussing various contributions to the singu-
lar CCF one has to keep in mind that the latter com-
pete with nonsingular background forces, in particular
van der Waals (vdW) interactions. In Appendix B, we
compare the vdW interaction with the critical Casimir
interaction and give values for a specific example of two
identical, rod-like particles of length L = 2µm and of
radius R = 200 nm at a surface-to-surface distance of
D = 50 nm. At the critical point T = Tc (or close to it),
a similar comparison has been made in Ref. 43, however,
for the interaction between spherical colloids immersed
in a binary liquid mixture at off -critical concentrations.
While Ref. 43 reports a critical Casimir potential which
is ten times larger than the vdW potential, we find a
more modest factor between 2 and 6 for the above sys-
tem of two cylindrical colloids in a liquid at the critical
concentration.
Moreover, different from Ref. 43, the DA scaling func-
tion given in Eq. (19) can be evaluated also off the critical
point. This allows one to determine a rescaled temper-
ature Θ∗− such that for Θ− < Θ
∗
−, i.e., up to T = Tc,
the critical Casimir interaction dominates the vdW po-
tential. For the example discussed in Appendix B, we
find Θ∗− = 3.88. This implies that in Fig. 4, for the
curves corresponding to Θ− = 6.00 and Θ− = 12.25, the
vdW interaction is the stronger one. The vdW potential
has been taken in the small distance limit ∆  1, in
which the curves are not primarily governed by the free
energy cost of stretching the α-β interface. Concerning
the curve for Θ− = 0.45, which most prominently ex-
hibits a power-law behavior (see Fig. 4(b)), the critical
Casimir interaction dominates the vdW interaction.
In sum, we have found that for cylindrical, parallel col-
loidal particles connected by a liquid bridge the effective
interaction potential exhibits three distinct regimes con-
cerning its dependence on the surface-to-surface distance.
There is a power-law behavior at small distances caused
by slab-like CCF, which crosses over to a linear regime re-
flecting the stretching of the interfacial area of the bridge,
followed by a rupturing of the liquid bridge connecting
the colloids. Upon approaching Tc, these regimes become
less distinct. The clear distinguishability of these three
regimes is a virtue of the cylindrical geometry. As dis-
cussed briefly, in the case of two spheres a stable bridge
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forms which has a thinner neck between the colloids. In
this latter case stretching the associated interface does
not result in a linear increase of the surface free energy
and thus the scaling function G of the effective potential
is not a linear function of the separation ∆. This more
complicated dependence may mask the critical Casimir
contribution. Furthermore, MFT does not capture fluc-
tuation effects. The first-order transition between the
bridged and the separated state is expected to be smeared
out due to finite-size induced fluctuations,72–74 to the ef-
fect that the adsorbed volume around and between the
colloids changes sharply but continuously over a small
range of ∆, instead of doing so abruptly. We shall address
this point in more detail in Sec. IV C after the discussion
of the mean field results for the bridging transition.
IV. ANALYSIS OF THE BRIDGING TRANSITION
A. Single particle order parameter profiles
From the previous view of the order parameter profiles
and the scaling function G of the effective potential, it
is evident that for each rescaled temperature Θ− there
is one critical separation Dt for which the free energy of
the bridged and the separated state are equal, implying
a first-order bridging transition. Thus, a complete de-
scription of the bridging transition cannot be an inher-
ent property of the coupled two-particle state only, but
must also take into account the state of two separated
single-colloids.
Before discussing in detail the first-order bridging tran-
sition, we first consider the feature of the “halos” which
grow around the separated colloids upon approaching Tc.
As seen in Figs. 2(b) and 3(b), for D & Dt the order
parameter distribution around each colloid is visually
unaffected by the presence of the other colloid. In the
absence of colloids and surfaces and in the phase sepa-
rated regime t < 0 in which the two phases coexist, the
mean field bulk values of the order parameter are given
by 〈φ〉α,β = ±A |t|1/2, or in terms of the scaling function,
by P− = ±1. Generally, the superposition of two single-
particle order parameter profiles φs provides a reliable
estimate of the two-particle order parameter profile only
for two distant colloidal particles:
φ(r, t) ≈ [(φs(r, t)− 〈φ〉β ]
+ [φs(r− r12, t)− 〈φ〉β ] + 〈φ〉β (20)
for D = |r12| − 2R→∞,
where r12 is the vector connecting the centers of the two
colloids; note that φs(|r| → ∞, t) = 〈φ〉β . For finite
distances, even in the separated state the halos around
the two colloids still interact with each other via mu-
tual deformation of the halos. This is not captured by
Eq. (20). However, this interaction is exponentially small
away from Tc. As it turns out, for Θ−  1 this decom-
position into two single-particle profiles is valid down to
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FIG. 5. (a) The MFT scaling function P
(s)
− (v = z/R; Θ− =
R/ξ−) (Eq. (21)) of the order parameter at the outside of a
single colloid as function of the distance z along x = 0 in
units of the particle radius R, for various rescaled tempera-
tures Θ− = R/ξ−. The colloidal particle is indicated by the
gray region v = z/R < 1. Each color and line style rep-
resents an order parameter profile for a given rescaled tem-
perature Θ−. At z = R + la, the scaling function crosses
P
(s)
− (s = la; Θ−) = 0 so that la is the adsorption layer thick-
ness. (b) Same as (a), but in terms of the scaling variable s,
i.e., (z−R) scaled in units of the correlation length ξ−. Close
to the surface of the particle, in the regime of strong adsorp-
tion, i.e., s < 1, the scaling functions P
(s)
− (s; Θ−) for different
rescaled temperatures Θ− collapse onto the short distance
approximation given in Eq. (22), the leading order of which
depends on s only (black dashed curve). On the other hand,
around the emerging α-β interface, i.e., z ≈ R+ la, this is not
the case. This shows that P
(s)
− is a scaling function depending
indeed on two independent scaling variables.
the transition distance Dt. In this non-critical regime,
D = Dt is large compared to the extension of the halos
in the single-particle profiles.
The order parameter profile φs(r, t) around a single
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cylindrical colloid exhibits the scaling form
φs(r = {x, y, z}, t)
= A |t|β P (s)−
(
s =
√
x2 + z2 −R
ξ−
; Θ− =
R
ξ−
)
, (21)
with the origin (x = 0, z = 0) located at the center
of the colloid. Using the relations u/6 = 1/(Aξ+0 )2,
τ = −|t|/(√2 ξ−0 )2, and ξ+0 =
√
2 ξ−0 (see Sec. II C) the
scaling function P
(s)
− can be expressed in terms of m−
as P
(s)
− = m−/
√|τ | which does not depend on the non-
universal MFT parameter u. In order to proceed, we have
to analyze as a function of temperature the thickness of
the wetting layer formed by the α phase, which encapsu-
lates the single colloid. Without loss of generality, we can
simplify the notation by considering the scaling function
P
(s)
− (s = (z − R)/ξ−; Θ− = R/ξ−) at a given rescaled
temperature Θ− along the z axis at x = 0.
In Fig. 5 we show this cut of the MFT scaling func-
tion P
(s)
− (s; Θ−) for a single particle as a function of the
rescaled temperature Θ−. The surface of the particle
strongly prefers the α phase, so that P
(s)
− (s → 0; Θ−) =
+∞. Far away from the particle surface, i.e., for z  R,
the order parameter φs smoothly approaches its bulk
value corresponding to the β phase, which implies a decay
of the scaling function towards P
(s)
− (s → ∞; Θ−) = −1.
In Fig. 5(a), the scaling function P
(s)
− is shown as a func-
tion of the scaling variable v = z/R. Closer to the
critical point, i.e., for smaller values of Θ−, the length
scale on which the order parameter approaches its bulk
value P
(s)
− = −1 increases significantly, illustrating that
the thickness of the wetting layer around the colloid in-
creases as the temperature approaches Tc. This is accom-
panied by a decrease of the slope of the scaling function
as a function of z, so that the bulk value correspond-
ing to the β phase is also attained more slowly upon
approaching Tc. In contrast, Fig. 5(b) depicts the spa-
tial variation of P
(s)
− in terms of the correlation length
ξ− using the scaling variable s = (z − R)/ξ−. In the
regime dominated by the strong adsorption close to the
surface of the particle, the family of scaling functions
for different rescaled temperatures Θ− collapses onto a
single curve. This regime is well captured by the short-
distance approximation for the normalized MFT order
parameter m(z → 0, R, τ).19,60 For the scaling function
P
(s)
− = m−/
√|τ | of a single cylinder embedded in spatial
dimensions d = 4 one has
P
(s)
−
(
s =
z −R
ξ−
→ 0; Θ−
)
≈ 2
s
+
s
6
− 1
3
s/Θ− +
5
36
(s/Θ−)
2
. (22)
The leading order of the short distance approximation
is ∝ s−1, so that the range of the strong adsorption be-
havior scales proportionally to ξ− (see the black dashed
curve in Fig. 5(b)).
However, upon approaching Tc the total adsorption
layer thickness la, which takes into account also the thick-
ness of the emerging α-β interface around the colloid, in-
creases weaker than the bulk correlation length ξ− (see
the numerical data in the upper panel of Fig. 6(a)). Di-
vided by ξ−, the extent of the adsorption layer formed
by the α phase does not attain a constant but dimin-
ishes upon decreasing Θ−, i.e., moving towards the crit-
ical point (see the numerical data in the lower panel of
Fig. 6(a)). In order to quantify the temperature depen-
dent changes in the adsorption layer, we define the total
adsorption layer thickness la via the zero-crossing crite-
rion P
(s)
− (s = la/ξ−; Θ−) = 0. The dependence of la on
Θ− is shown in Fig. 6(a).
These numerical data can be rationalized analytically
by considering the limit ξ−  R or Θ−  1. In this
limit of being further away from Tc the adsorption layer
turns into a wetting film with a quasi-sharp α-β inter-
face. The cost of free energy to keep this interface, at
α-β coexistence, at a prescribed distance from the cylin-
drical colloid surface is given by the effective interface
potential Vinter(l) = Vrep(l) + Vc(l). In leading order
Vrep(l) = v0 L e−l/ξ− , with an energy per length v0 > 0,
describes the effective repulsion of the interface from the
surface, in accordance with complete wetting at a planar
wall. At curved surfaces, this growth of l is counterbal-
anced by the free energy cost of extending the area of
the interface:73 Vc(l) = σ[2pi(R + l) − 2piR]L = 2piσ lL
where σ is the surface tension of the free α-β interface
(Eq. (15)). The equilibrium adsorption layer thickness la
minimizes Vinter(l), resulting in
43,73,76
la = ξ− ln(a/ξ−), or
la
R
=
1
Θ−
ln
(
Θ−
a
R
)
, (23)
for ξ− < a,Θ−  1,
with the length a = v0/(2piσ).
73 Figure 6(a) demon-
strates that in the limit Θ  1, the numerical data
indeed approach the result in Eq. (23) (see the dashed
green lines).
Interestingly, Fig. 6(b) shows that within the region
(z − R)/la & 0.5 the order parameter profile exhibits
features which strongly resemble those of the order pa-
rameter profile of the free α-β interface. Inserting the
mean field interface m between the two coexisting bulk
phases,50,69 with the interface positioned at z = R + la,
into the scaling function P− = m−/
√|τ | yields the form
P−(z) = − tanh
(
z − (R+ la)
2ξ−
)
= − tanh
(
la
2 ξ−
(
z −R
la
− 1
))
. (24)
Note that P− = ±1 corresponds to the two coexisting
bulk phases. In Fig. 6(b), Eq. (24) is indicated by a
black dashed line, which follows closely the profile of the
adsorption layer around a single colloid. The second ex-
pression in Eq. (24) indicates that in terms of (z−R)/la
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in Fig. 6(b), la does not only determine the position of
the adsorption layer interface, but also the width of the
interface profile via la/ξ−. However, as seen in the lower
panel of Fig. 6(a), the logarithmic corrections turn out
to vary only slightly within the inspected range of the
rescaled temperature Θ−, so that in Fig. 6(b) the width
of the total adsorption layer remains rather similar. For
Θ− → 0, it is expected that la ∝ ξ− without logarith-
mic correction,73,76 which is in line with the deviations
of la from Eq. (23) closer to the critical temperature (see
Fig. 6(a)). However, due to numerical constraints we
cannot fully resolve this change in behavior for Θ−  1.
Thus, the single-particle profile can be viewed as being
composed of the profile corresponding to the wall-α inter-
face, dominated by the boundary condition and the cor-
responding short distance approximation (Eq. (22)), and
the free α-β interface profile (Eq. (24)). At this stage, by
using the total adsorption layer thickness la taken from
the single colloidal system, the issue arises whether this
composite profile allows one to predict the distance Dt
at which the liquid bridge between two colloids breaks.
B. Bridging transition
Having discussed the two-colloid order parameter pro-
files for the bridged and the separated state as well as
the single-colloid profile, which approximates the sep-
arated two-colloid state (see Eq. (20)), we turn to the
analysis of the transition distance Dt between the two
configurations. Considering the scaling function G of the
effective potential (see Fig. 4), it is evident that for each
rescaled temperature Θ−, there is a single separation Dt,
for which the free energy of the bridged and the separated
state are equal, leading to a first-order bridging transi-
tion. According to Fig. 4, the transition distance Dt is
determined by the zero of G(Dt/R,Θ−) = 0. (Strictly
speaking, G = 0 corresponds to the completely separated
state with macroscopicly large distances D. At the finite
distance D = Dt, G = 0 corresponds only approximately
to the separated state, equivalent in spirit to Eq. (20),
which holds for Θ−  1.) Upon decreasing Θ−, the in-
tersection of G with the abscissa moves to larger values
of ∆ = D/R, which poses an issue as the size of the
numeric calculation box has to be increased accordingly.
However, even in the case that the transition distance
Dt between the bridged and the separated state exceeds
the chosen size of the calculation box, it nonetheless can
readily be obtained also for values of the rescaled tem-
perature Θ− & 1 by extrapolating linearly the regime
dominated by the interfacial tension and thus finding the
zero of G(Dt/R,Θt) = 0.
By employing this procedure, we have obtained the
transitions distances Dt(Θ−) in Fig. 7(a), which consti-
tute a phase diagram: At a fixed rescaled temperature
(vertical dashed line), for small distances D < Dt, the
two colloids are connected by a bridge. Upon increas-
ing the distance D beyond Dt, a first-order transition
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FIG. 6. (a) The adsorption layer thickness la as deter-
mined via P
(s)
− (s = la/ξ−; Θ−) = 0 from the OP profiles
of a single particle (green triangles), shown in units of the
radius R in the upper panel and in units of the correla-
tion length ξ− in the lower panel. Away from the critical
point, i.e., for Θ−  1, the adsorption layer thickness in-
creases as la/R ≈ (1/Θ−) ln(Θ− a/R) (dashed green curve;
see Eq. (23)). The length a depends on the system-specific
repulsion strength and interface tension (see the derivation in
the main text). We have found a/R = 11.15 from a fit to the
adsorption layer thickness. The thickness la deviates from a
linear dependence on the correlation length ξ− (dashed black
line in the upper panel or a constant in the lower panel) by
a logarithmic correction highlighted in the lower panel. This
reinforces the expected observation that the scaling variable
s = (z − R)/ξ− is not sufficient to describe the full single-
particle profile. (b) The single-colloid profiles as in Fig. 5,
but scaled in units of the adsorption layer thickness la. By
construction, the interface crosses zero at (z−R)/la = 1 for all
rescaled temperatures Θ−. Notably, in these units the width
of the interface is very similar for a wide range of values of
Θ−. For distances not too close to the surface the adsorption
layer strongly resembles the free α-β interface profile (dashed
black curve), which has a tanh functional form and a width
of la/ξ− (see Eq. (24)). The weak dependence of la/ξ− on
Θ− leaves the width of the adsorption layer profile to be very
similar within the range of temperatures shown here.
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to the separated state occurs. On the other hand, for a
fixed distance (dashed horizontal line), far away from Tc,
i.e., Θ−  1, one finds two separate particle profiles (if
D > Dmin, which is discussed below). Upon approach-
ing the critical temperature, as the correlation length ξ−
grows, a first-order transition occurs to the bridged state.
Of course, both realizations can be performed in reverse,
i.e., decreasing the distance D at fixed Θ− and moving
away from Θ− = 0 at a fixed distance D. The two di-
rections for changing the temperature correspond to the
two thermodynamic paths actually used (see the main
text devoted to Fig. 4) in order to obtain the metastable
branches seen in Fig. 4(a).
There is a minimum distance Dmin, below which only
the bridged state occurs. This corresponds to a non-
critical, geometric situation in which close to contact of
the two cylinders, i.e., for D → 0, due to their curvature
an inward groove is formed on each side of the composite
body, which is bridged and filled completely by the phase
favored by the colloids, reminiscent of capillary conden-
sation and wedge wetting.77,78 For near-critical order pa-
rameter distributions in such structures see Refs. 79 and
80.
In Fig. 7(b) we show the transition distance Dt, and for
comparison the adsorption layer thickness la, on double-
logarithmic scales. At non-critical conditions away from
Tc, it is possible to construct a geometric model for the
bridging transition: For two single-particle profiles, the
adsorption layers generate an interfacial area of Asep =
2× 2pi(R+ la)L, where L is the length of the cylindrical
particles and where the acronym sep stands for “sepa-
rated”. On the other hand, for the bridged state seen
in Figs. 2(a) and 3(a), the structure of the two outer
halves is still very similar to the adsorption layer halos
around the separated particles, which amounts to an area
Ab,1 ≈ Asep/2; the acronym b stands for “bridged”. The
difference is only the straight bridge, which has an inter-
facial area of Ab,2 = 2 × (D + 2R)L. For D = Dt, the
free energy of the bridged and the separated state are re-
quired to be equal. If we attribute this free energy solely
to the interfacial free energies σ(Ab,1 +Ab,2) and σAsep,
respectively, this leads to 2× (Dt+2R)L = 2pi(R+ la)L,
so that
Dt = pi la + (pi − 2)R. (25)
We note that this relation has been obtained similarly
in Ref. 47 also for two cylinders and that Eq. (4.2) in
Ref. 45 provides a related expression for the case of two
spheres. This estimate is indicated by the dashed red line
in Fig. 7(b), which is asymptotically approached by Dt
(red symbols) for Θ−  1. Away from criticality, i.e., for
Θ− → ∞ the adsorption layer thickness la becomes mi-
croscopically small, i.e., la → 0, but the surfaces remain
strongly adsorbing. Within this approximation and in
this limit, we arrive at Dmin = lim
la→0
Dt = (pi−2)R. Thus,
having the two colloids in contact, i.e., D = 0, amounts
to being below the bridging transition, corresponding to
the filling of a completely wetted wedge (with contact
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FIG. 7. (a) Phase diagram with the transition distance
Dt(Θ−) marking the first-order transition between the sepa-
rated and the bridged states. Upon varying the rescaled tem-
perature Θ− → 0, a bridge forms between two colloids upon
crossing Dt. However, for small separations D < Dmin, the
bridged state occurs independent of the temperature around
Tc. The vertical dashed line indicates the case Θ− = 12.25
studied in Fig. 4 and the horizontal dashed line indicates the
case ∆ = 2.7 studied in Fig. 10. (b) The transition distance
Dt(Θ−) (red symbols) and the adsorption layer thickness la
(green symbols; the green dashed line represents Eq. (23)) as
a function of Θ− in a double-logarithmic plot. In the non-
critical limit Θ−  1, Dt tends to follow the geometric pre-
diction of Dt ≈ pi la + (pi − 2)R (dashed red curve). The
geometric model is expected to break down close to Tc. An
additional argument valid in the critcal regime of small Θ−
limits the highest order of an expansion of Dt in terms of
Θ− = R/ξ− to the second order (see the blacked dashed line
and the main text).
angle θ = 0). For comparison, la (green symbols) and its
approximated expression in Eq. (23) (green dashed line)
are also shown in Fig. 7(b).
In contrast, for Θ− → 0 as expected the geometric in-
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terpretation fails. Upon approaching the critical point,
the surface tension σ decreases as σ ∝ ξ−(d−1)− ∝ |t|(d−1)ν
(see Eq. (15)), so that for t→ 0 the contributions to the
free energy from the interfacial tension vanish. Accord-
ingly, another contribution to the free energy takes over.
Even though the profiles lack a clear interface at T = Tc,
the single-order parameter profiles of two colloids can-
not be brought too close without raising an energetically
unfavorable overlap.
In view of the linear variation of G in Fig. 4, we de-
termine Dt by linearly extrapolating Ωi ∼ G. From
G(Dt/R,Θ−) = 0, it follows that
(−Fσ)Dt + Ω(b)0 = 2 Ω(β)s,c , (26)
with the force Fσ = kBT LR−(d−1)Kσ (see Eq. (11)) and
an extrapolated offset contribution Ω
(b)
0 for the bridged
configuration.
Equation (26) implies (see Eq. (16))
Dt =
2 Ω
(β)
s,c − Ω(b)0
(−Fσ) ∼ Θ
−(d−1)
− (2 Ω
(β)
s,c − Ω(b)0 ). (27)
Since the slope of Ωi with respect to D in the bridged
state decreases to zero for t → 0, the extrapolated off-
set Ω
(b)
0 acquires a physical meaning because it attains
the same value as the free energy of the bridged state
at infinite separation, i.e., Ωi(D → ∞,Θ− = 0) = Ω(b)0 .
Furthermore, at infinite separation and at t = 0, the sep-
arated and the bridged state have the same free energy
because the break in symmetry disappears at T = Tc
and the α and β-phases become indistinguishable. Thus,
it follows that 2 Ω
(β)
s,c − Ω(b)0 → 0 for t → 0 so that
one can propose the expansion ansatz 2 Ω
(β)
s,c − Ω(b)0 =
d1 Θ− + d2 Θ2− + d3 Θ
3
− +O
(
Θ4−
)
which fulfills this lim-
iting behavior. For d = 4, this leads to the expansion
Dt = c1 Θ
−2
− + c2 Θ
−1
− + c3 +O (Θ−) , Θ− → 0, (28)
for the transition distance Dt. Thus, it follows that in
leading order the divergence of the transition distance is
proportional to Θ−2− . Note that one expects for the ad-
sorption layer thickness la ∝ ξ− ∝ Θ−1− for Θ− → 0, so
that the next-to-leading order term ∝ Θ−1− of Dt corre-
sponds to la. In this sense, Eq. (28) is a generalization
of the geometrical approximation in Eq. (25), but lim-
ited to the next higher order ∝ Θ−2− . This is shown by
the black dashed line in Fig. 7(b), in excellent agreement
with the enhancement of Dt for Θ− → 0. Still, we must
remark that the argument based on the vanishing break
in symmetry at T = Tc assumes the bulk behavior for the
surrounding liquid which, however, is only an approxima-
tion. The asymptotic limit R/ξ− → 0 is tantamount to
the case of the vanishing radius R of the cylindrical par-
ticles. However, one does not obtain the bulk system for
infinitely thin cylinders. The presence of the two parti-
cles effectively alters the critical point of the surrounding
liquid and the order parameter deviations near the sur-
faces do not vanish in the limit R/ξ− → 0.50
In sum, the behavior of the transition distance Dt pro-
vides the phase diagram of the bridging transition. Gen-
erally, for large separations D and large deviations from
Tc, the separated state is the thermodynamically stable
configuration. For close distances and close to Tc, the
two colloids are connected by a bridge consisting of the
preferred phase. A specific feature of cylindrical col-
loids is that even away from Tc, with microscopically
thin adsorption layers around the colloids, this bridge
is stable for all Θ− > 0 if the separation is smaller than
Dmin = (pi − 2)R.
C. Fluctuation effects
As mentioned before, MFT neglects fluctuation ef-
fects, which will smear out the first-order bridging
transition.45,72–74 The excess adsorption is an adequate
order parameter for the first-order bridge-separation
transition. It is given by the integrated density of com-
ponent A around the two colloids, relative to the density
of the separated configuration. Thus, the OP is zero in
the separated state and attains a finite value (depend-
ing on the rescaled temperature) upon bridge formation.
The adsorbed volume forming the bridge between the
particles scales with the (d−2) dimensional length of the
cylindrical particles; thus it is quasi-two-dimensional for
d = 4 and quasi-one-dimensional in d = 3. Within the
Ising universality class, for d ≤ dlc, i.e., below the lower
critical dimension dlc = 2, finite size effects destroy long-
ranged order. Following Privman and Fisher,72 in an ef-
fectively cylindrical geometry of finite size, at the pseudo-
coexistence of the macroscopically-sized separated and
bridged states, one has to account for configurations in
which the bridge along the length L of the cylinders
(d = 3) disintegrates into alternating domains of the
bridged and separated phases, correlated over a length
ξ‖  L (see Fig. 8). For such an inhomogeneous sys-
tem the OP for the bridge-separation transition varies
sharply, but continuously upon approaching the transi-
tion line Dt(Θ−) in Fig. 7(a), smearing out the first-order
bridging transition.
Even though in principle the first-order transition is
rounded and shifted, this may experimentally be not de-
tectable. Here we briefly discuss the expected implica-
tions in the experimentally relevant case d = 3 (which is
also more severely affected by fluctuations than the case
d = 4). In this context, based on Ref. 72, one has to
take into account terms in the partition function which
correspond to configurations which are neglected within
mean field theory and thus give rise to subdominant con-
tributions to the partition function. To this end we as-
sume that the (partially) bridged state is the configura-
tion which is energetically disfavored and neglected by
MFT, and we adopt a simple two-state description with
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FIG. 8. Idealized schematic cut along the vertical midplane containing the axes of the two colloids. The α-like bridge (red)
between the macroscopically large cylindrical colloids (gray) is segregated into domains of partially bridged configurations and
of partially separated configurations. The latter ones are indicated as blue inclusions of varying sizes with a mean length ξ‖.
The length L of the cylinders is much larger than the depicted section. On the left and on the right panels, the two different
domains are compared with each other in the plane normal to the axes of the cylinders. The symmetry axes of the colloids,
spanning the image plane of the central panel, are indicated by black lines. The two competing areas A˜sep (to the left of the
center, consisting of two separated, equal-sized parts) and A˜b (to the right of the center) are indicated in all three views by
white dashed border lines. A˜sep consists of two semi-cylinders of length ξ‖ and with arc length pi(R+ la). The projection (black
arrows in the outer panels) of the two semi-cylinders onto the midplane (vertical dashed line) renders two white rectangles of
projected size ξ‖ × (R+ la) in the central panel. The area A˜b consists of two rectangles of size ξ‖ × (D + 2R) which translates
into one white rectangle of projected size ξ‖× (D+ 2R) in the central panel. A˜sep and A˜b are areas extending along the colloid
axes. The cross-sectional area A˜i of the interface, which is normal to the colloid axes, between the domains is the one enclosed
by the dashed full white and the dotted pale white border lines in the right panel. In the side panels, A˜i consists of a back and
a front side as well, corresponding, however, to the left and the right domain interface, respectively. For A˜i, the positions of
the front and the back side are marked by the two arrows at the top of the central panel.
the partition sum
Z˜ = e−Ω˜s/kBT + e−Ω˜b/(kBT ), (29)
where Ω˜s ≈ 2 Ω(β)s,c (compare Eqs. (6) and (7)) is the geo-
metric approximation of the free energy of the separated
state and likewise Ω˜b is that of the (partially) bridged
state. Note that in this section, all quantities with a tilde
correspond to the respective, purely geometric, approx-
imation illustrated in Fig. 8. Accordingly, the relative
probability p˜b of the bridged state is
p˜b =
e−Ω˜b/(kBT )
Z˜
(30)
=
e−(Ω˜b−Ω˜s)/(kBT )
1 + e−(Ω˜b−Ω˜s)/(kBT )
=
e−∆A˜ σ/(kBT )
1 + e−∆A˜ σ/(kBT )
,
with a Boltzmann factor exp(−(Ω˜b −
Ω˜s)/(kBT ))= exp(−∆A˜ σ/(kBT )) giving the proba-
bility of forming finite domains of α-like bridges along
the cylinders (instead of a single, fully connected bridge
consisting of the α phase); ∆A˜ is the change of the
interfacial area upon forming an α-like domain of length
ξ‖ within an otherwise β-filled, separated configuration;
σ is the α-β surface tension. Following the same
geometric argument which preceded Eq. (25) (such
as considering only the inward oriented parts of the
adsorption layers), a separated domain has an interfacial
area A˜sep = 2 × pi(R + la)ξ‖ around the colloids (see
the correspondingly labeled area in Fig. 8; the factor
two accounts for both colloids). A bridged domain
has an area A˜b = 2 × (D + 2R)ξ‖ accounting for both
sides of the bridge volume (see Fig. 8). The presence
of a domain generates two α-β interfaces normal to
the axial direction. Its corresponding surface area is
A˜i = 2 × [(D + 2R)(2(R + la)) − pi(R + la)2] (see the
indented area with dashed full white and dotted pale
white border lines in the right panel of Fig. 8; this
is the difference of area between a rectangle and two
semi-circular discs). Thus the insertion of a domain of
length ξ‖ is accompanied by a change in area given by
∆A˜ = A˜b − A˜sep + A˜i.
Specifically, at the transition distance D = Dt
(Eq. (25)), the Boltzmann factor reduces to exp(−2pi(R+
la)
2σ/(kBT )). Far away from the critical point, la is mi-
croscopically small, so that one arrives at the “simple
macroscopic” estimate exp(−2piR2σ/(kBT )) (see Mali-
jevsky and Parry47). In the vicinity of the bridging tran-
sition D = Dt ±∆D, the Boltzmann factor amounts to
exp(−(2 ∆D ξ‖ + 2pi(R+ la)2 + 4(R+ la)∆D)σ/(kBT )).
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In the relevant case in which the length scales are of order
∆D  R  ξ‖, the last term 4(R + la)∆D represents a
small correction which depends also on the precise shape
of the domains, which we will neglect. This implies that
the probability of the bridged state p˜b follows a Fermi
function (or logistic function)
p˜b =
e−(2∆Dξ‖+2pi(R+la)
2)σ/(kBT )
1 + e−(2∆Dξ‖+2pi(R+la)2)σ/(kBT )
(31)
=:
e−(∆D+ω)/δ
1 + e−(∆D+ω)/δ
,
from which one can infer a rounding δ := (kBT )/(2σξ‖),
which is the distance between the position of the in-
flection point at (∆D = −ω, p˜b = 1/2) and the posi-
tion of the point at which the probability has dropped
to (1 + e)−1 or has risen to e(1 + e)−1, and a shift
ω := pi(R + la)
2/ξ‖ of the transition point (see the
solid curve in Fig. 9). On the other hand, one can
reverse the argument and consider the probability ∝
exp(−(Ω˜s − Ω˜b)/(kBT )) of interstitial, β-like domains
within a bridged state. The change of the interfacial area
upon forming a β-like domain of length ξ‖ embedded in
an α-like bridge configuration is ∆A˜ = A˜sep − A˜b + A˜i;
note that the areas A˜i of the two domain walls do not
change sign. The resulting probability of interstitial do-
mains is p˜i = (e
(∆D−ω)/δ)/(1 + e(∆D−ω)/δ). Thus the
probability to observe an unperturbed bridge is p˜b =
1− p˜i = (e−(∆D−ω)/δ)/(1 + e−(∆D−ω)/δ), which features
an inverse shift of −ω, so that, due to the finite-size
fluctuations, the transition exhibits hysteresis (see the
dashed curve in Fig. 9). This has been found before in
simulations, e.g., in Ref. 74. It has also been found that
the hysteresis is much more important than the rounding.
In order to give an estimate, we consider the ratio
 = (2piR2σ)/(kBT ) of the domain interface energy at Dt
and the thermal energy; note that  ≈ ω/δ for la → 0, i.e.,
far away from Tc. Using Eq. (15) for σ with Rσ = 0.377
in d = 3,81 Rξ = 1.96,
51 and, e.g., a moderate value of
Θ− = 3 for the rescaled temperature, the energy cost
for interstitial domains within the liquid bridge amounts
to 5.4 kBT , so that further away from Tc, the hysteresis
shift is much larger than the rounding, i.e., ω  δ for
Θ−  1. The shift ω scales inversely with the correla-
tion length ξ‖ along the axes of the cylinders. Using the
transfer matrix method for a cylindrical Ising spin sys-
tem, it has been shown that ξ‖ = ξ− exp
(
(A˜i σ)/(kBT )
)
for A˜i/ξ
d−1
−  1,72,75 i.e., the parallel correlation length
ξ‖ scales exponentially with the cross-sectional area A˜i.
From this, the hysteresis shift is estimated to be
ω
R
=
piR
ξ−
e−(A˜iσ)/(kBT ) =
pi
Θ−
e− (32)
≈ 4.7× 10−3 for Θ− = 3.
Thus, for particles with radii of the order of microme-
ter, the transition as a function of distance D is rounded
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FIG. 9. Probability distribution p˜b of the bridged configura-
tion as a function of the separation ∆D = D − Dt around
the bridging transition at Dt. The hysteretic shift ω and the
rounding δ are defined in the main text. Starting with a large
separation ∆D  ω (solid red curve), i.e., deeply in the sepa-
rated state, the probability of forming a bridge is vanishingly
small and increases only after passing the transition distance
∆D = 0 due to the additional cost of forming the interfaces
between the α and β-like domains. In reverse, starting with
two particles close to each other (∆D  −ω), the probability
of the bridged state is effectively one (dashed red curve). The
α-filled bridge disintegrates for ∆D > 0, also retarded due to
the cost of forming the interfaces between the domains.
on the scale of nanometers. Thus the transition is still
expected to appear to be sharp for Θ− > 3.
Upon approaching Tc, the energy cost  is expected
to decrease due to the vanishing of the surface tension
σ(Θ → 0) ∝ Θ2−. Furthermore the adsorption layer
thickness la ∝ ξ− ∝ Θ−1− is expected to grow alge-
braically for Θ− → 0 whereas ξ‖ is known to attain a
constant at T = Tc.
72 However, these scaling behaviors
will not hold once, e.g., the adsorption layer thickness
reaches the size of the system. In this case, the finite-
size effects will play a dominant role. It has been found
beyond mean field theory as well as experimentally (see
Ref. 82 and references therein) that the power-law be-
havior of critical adsorption is pre-empted by capillary
condensation. Therefore we conclude that in order to
fully resolve the nature of the bridging transition very
close to the bulk critical point, it is necessary to improve
the present analysis beyond mean field theory. This is
left to further research.
D. Dependence of the scaling functions on rescaled
temperature
Finally, it is worthwhile to study in more detail the
dependence of the scaling functions G(∆,Θ−) of the ef-
fective potential and K(∆,Θ−) of the force as a function
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FIG. 10. Normalized scaling function G of the effective po-
tential between two cylindrical, parallel colloids connected by
a liquid bridge as a function of the rescaled temperature Θ−.
Note that also the surface free energy of two separated colloids
2 Ω
(β)
s,c depends on Θ−. However, according to the definition
of G (Eqs. (2) and (10)), this contribution is subtracted and
corresponds to the dashed line G = 0. This is similar to
Fig. 4, although there 2 Ω
(β)
s,c is constant as function of ∆. For
small separations ∆ = D/R, e.g., for the green curve with
∆ = 1.5, the bridged state has a significantly lower free en-
ergy than the state forming two separate adsorption layers;
for cylinder separations D < Dmin = (pi − 2)R, i.e., if close
to contact, one has G(∆ < (pi − 2),Θ−) < 0 for all rescaled
temperatures Θ−. For increasing separations ∆ (black and
red curve), the bridged state has a lower free energy (G < 0)
only within a range 0 < Θ− < Θ
(t)
− , where Θ
(t)
− is defined
by G(∆,Θ
(t)
− ) = 0. For rescaled temperatures Θ− > Θ
(t)
− ,
the bridged state has a higher free energy than the separated
state. The black curve ∆ = 2.7 corresponds to the horizontal
dashed line in Fig. 7(a). The free energy branches with G > 0
correspond to metastable bridge states.
of the rescaled temperature Θ− = R/ξ−. The discus-
sion of these scaling functions as functions of ∆ = D/R
(see Fig. 4) corresponds to paths along a vertical line in
the phase diagram shown in Fig. 7(a). Instead, we now
consider horizontal paths through the phase diagram.
There are still similarities between the two representa-
tions. Again, by definition, the surface free energy 2 Ω
(β)
s,c
of two single colloids is subtracted from the scaling func-
tion G of the effective potential, so that the separated
state corresponds to G = 0 (apart from exponentially
small interaction contributions in the separated state).
Ω
(β)
s,c is independent of the distance ∆, but does depend
on the rescaled temperature Θ−.
In Fig. 10 we show the scaling functionG in the bridged
state for three rescaled separations ∆ = 3.2, 2.7, and 1.5.
For all three curves one has G < 0 for Θ− → 0, so that
the bridge state turns out to be energetically stable close
to the critical point. For the smallest rescaled separa-
tion ∆ = 1.5 considered in Fig. 10, the scaling function
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FIG. 11. Scaling function K of the force (Eq. (11)) between
two cylindrical, parallel colloids in close proximity to each
other (i.e., ∆ = D/R < 1). In this case, a liquid bridge
is always formed. Thus, the force is attractive (i.e., −K is
positive). It is shown normalized by the critical Casimir am-
plitude ∆(+,+) of the slab geometry. The symbols represent
the numerical MFT data and the dashed black line shows
the expected interfacial contribution as given by Eq. (16),
which is proportional to (Θ−)3 for d = 4. Upon increas-
ing the intercolloidal separation ∆, the force is under the
dominant influence of the interfacial tension σ even down
to values of Θ− less than 10. For small Θ− and ∆ < 1,
the critical Casimir force (solid curves) starts to emerge and
becomes dominant, with the force saturating at the values
−KDA(∆ → 0,Θ− = 0)/|∆(+,+)| = (5pi/16) ∆−7/2 at crit-
icality. In the limit Θ− → 0 we find very good agreement
between the DA of the critical Casimir force (solid lines) and
our fully numerical calculations.
G remains negative throughout and no transition to the
separated state is observed. For ∆ = 2.7, the curve of
the scaling function G bends upwards, resulting in a zero
G(∆,Θ
(t)
− ) = 0 at Θ
(t)
− = 12.25, for which a first-order
transition to the separated state occurs (see Fig. 4(a) for
Θ− = 12.25). For Θ− > 12.25, following this thermody-
namic path, the bridged state remains meta-stable with
G > 0. The same holds for ∆ = 3.2, only with a lower
transition temperature Θ
(t)
− ≈ 10. Upon increasing the
separation ∆, Θ
(t)
− shifts to smaller values.
The scaling function K = −∂G/∂∆ of the force has al-
ready been introduced in the discussion of Fig. 4. There,
it has been demonstrated that for ∆ > 1 the force is
dominated by the interfacial surface tension and not by
the critical Casimir force. Now, we focus on the crossover
between these two forces. Thus, in Fig. 11 we show the
scaling function K as a function of the rescaled temper-
ature Θ− for several small separations ∆ < 1. As ex-
pected, far away from criticality, i.e., for Θ−  1, the
interfacial tension plays the dominant role, which leads
to the behavior K ∼ (Θ−)3 in d = 4 (see Eq. (16) and the
black dashed line in Fig. 11). Upon increasing ∆, this
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behavior prevails even down to values of Θ− less than
10. Note that here we have chosen the scaling variables
∆ = D/R and Θ− = R/ξ− in view of potential exper-
imental realizations. Equivalent choices are ∆ = D/R
and Θ˜ = D/ξ (used, e.g., in Refs. 11, 19, and 22), in
terms of which D → 0 and ξ → ∞ correspond to the
same limit Θ˜ → 0. Conversely, the interfacial tension
dominates over the critical Casimir effect away from crit-
icality, i.e., for Θ˜  1, which we have discussed already
twice for ∆ 1 (see Sec. III B) and for Θ−  1 here in
Sec. IV D.
On the other hand, for Θ− → 0 the interfacial tension
σ vanishes so that for small ∆ the critical Casimir force
KDA, as obtained from the Derjaguin approximation (see
Eq. (A2) in Appendix A) becomes dominant. The solid
color lines in Fig. 11 point out that for Θ− → 0 the signa-
ture of the critical Casimir force clearly emerges. Specif-
ically, as a function of Θ−, the scaling function attains
a constant value −KDA(∆→ 0,Θ− = 0)/|∆(+,+)| =
∆−7/2
∫∞
1
dβ (β − 1)−1/2 β−d = (5pi/16) ∆−7/2 (see
Eq. (A2)), which depends on ∆ only. As stated in
Sec. II C, the stress tensor method is not suitable for the
present case, and K is simply calculated by taking the
numerical derivative of the free energy with respect to
D. We note that KDA does not contain any adjustable
free parameters; nonetheless there is excellent agreement
with the numerical MFT calculations, providing a strin-
gent test of the latter.
V. CONCLUSIONS
We have investigated universal quantities associated
with two parallel, cylindrical colloids of radius R im-
mersed in a binary liquid mixture (consisting of A and B
particles) close to and below its critical consolute point,
i.e., at coexistence of the phases α and β rich in A and
B particles, respectively (see Fig. 1). Generically, the
two identical colloids have a preference for one of the two
species of the binary liquid mixture. This leads to strong
critical adsorption of, say, the α phase at the surface of
the colloid. In global thermodynamic equilibrium, the
particles are embedded in a macroscopic volume of the
preferred α phase, which coexists with the colloid-free β
phase. Here, we have considered the largely stable local
minimum in which the colloids are engulfed by the less
preferred β phase, far away from the free α-β interface
(which can form but outside of our numerical calcula-
tion box). Instead, the outer boundary of the adsorption
layer is formed by an emerging portion of the α-β inter-
face which thus remains bound to the colloid surface or
to a pair of colloids.
In Ref. 50 the effective potential of an α-preferring col-
loid embedded in the β phase has been compared with
that of the same colloid but embedded in the α phase;
it has turned out that the former configuration is very
stable. (If the preference of the colloidal particles for the
α phase is weak so that the α-β interface forms a nonzero
contact angle with the colloid surface, the strongly pre-
ferred configuration is the one in which the colloid is
trapped at the interface. We do not consider this case
here.)
Using mean field theory (MFT) combined with a fi-
nite element technique, we have adiabatically varied the
rescaled temperature Θ− = R/ξ−, where ξ− is the bulk
correlation length, in order to determine numerically the
order parameter distribution in a system which contains
the responsive, local α-β interface which encapsulates
both particles either individually (separated state) or as
a pair (bridged state). Specifically, the order parameter
is the deviation of the local concentration of, say, the A
particles from its critical value. Using finite-size scaling
theory, in Sec. II we have decomposed the free energy of
the system into bulk, surface, and interaction contribu-
tions, each characterized by a universal scaling function.
We have calculated the singular contribution to the free
energy in the vicinity of the critical point by numerically
minimizing the Hamiltonian in Eq. (12), from which we
concomitantly obtain the equilibrium MFT order param-
eter profile. Via analyzing the free energy of the system,
we have calculated the effective potential and the force
between the colloids mediated by the near critical sol-
vent. In this context, our main findings are as follows:
1. The scaling function P− (Eq. (13)) of the two-
particle order parameter profiles depends sensi-
tively on the surface-to-surface distance D between
the particles and temperature (see Figs. 2 and 3).
Provided D is sufficiently small, we find that within
a wide range of temperatures the two colloidal par-
ticles are joined by a liquid bridge made up of the
liquid phase which their surfaces prefer. Upon in-
creasing the separation D, or moving away from Tc
into the two-phase region of the binary mixture, the
profiles change qualitatively into a separated state
which is very well approximated by the superpo-
sition of two single-particle profiles, each with an
adsorption layer of the α-phase around the colloid.
2. The scaling function G of the effective interaction
potential between the two colloids (see Fig. 4) fol-
lows from decomposing the numerically calculated
free energy of the system as described in Sec. II. By
analyzing the dependence of G on distance, we find
that there are three regimes: At close separations,
critical Casimir forces dominate; at intermediate
separations the extension of the liquid bridge leads
to a region in which the influence of the α-β interfa-
cial tension dominates; and finally a third regime in
which the liquid bridge is meta-stable compared to
the separated state and eventually ruptures. We
have analytically derived the Derjaguin approxi-
mation for the interaction between two cylinders,
which is in very good agreement with the numerical
MFT results and confirms that at small separations
∆ = D/R < 1 critical Casimir forces dominate.
Additionally, for various rescaled temperatures Θ−
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the slope of G with respect to ∆, in the region dom-
inated by the interfacial tension effect, agrees very
well with the decrease of the surface tension σ upon
decreasing the scaling variable Θ− = R/ξ− → 0.
The clear division into these distinct contributions
is a virtue of the geometry of two parallel cylindri-
cal colloids.
3. To a large extent, in the less-critical regime Θ− 
1, the transition distanceDt of the liquid bridge can
be expressed in terms of single-colloid profiles (see
Figs. 5 and 6). To this end, the features of the sin-
gle-particle order parameter profiles, captured by
the scaling function P
(s)
− (z) (Eq. (21)), have been
investigated. We have found that the adsorption
layer in single-particle profiles essentially consists
of the wall-α interface, well described by a short
distance approximation (Eq. (22)), joint together
with the free α-β interface profile (Eq. (24)). The
adsorption layer thickness la turns out to be the rel-
evant quantity to describe the single-colloid state.
4. We have determined the transition distance Dt un-
ambiguously from the zero of the scaling function
G of the effective potential in the bridged state,
which in the relevant range depends linearly on
the separation ∆ = D/R. G is shifted such that
G = 0 corresponds to the separated state which is
de facto independent of ∆. The transition distance
Dt divides the phase diagram in Fig. 7(a) into two
distinct domains: For large D and away from Tc,
the separated state is the stable configuration. For
small separations ∆ or close to Tc, the colloids are
connected by a bridge formed by the preferred α
phase. Away from criticality, i.e., for Θ−  1,
a geometric model based on the adsorption layer
thickness la yields a reasonable approximation for
the transition distance Dt (see Fig. 7(b)). Based
on this, for cylindrical colloids the bridged state is
stable for all Θ− > 0, if the separation is smaller
than Dmin = (pi − 2)R, resembling wedge filling in
the case of completely wetted surfaces, i.e., with
zero contact angle.
5. The influence of finite-size induced fluctuation ef-
fects, which are not captured within our MFT ap-
proach, has been discussed. Inter alia, finite size
causes a shift and rounding of phase transitions,
which are erased completely below the lower criti-
cal dimension, which for the Ising universality class
equals two. In the present context this implies
that the excess adsorption of the species favored
by the colloids is expected to increase sharply, but
continuously. This is due to the entropically fa-
vored presence of alternating domains of the two
coexisting phases instead of having a macroscopi-
cally large single phase, as shown schematically in
Fig. 8. Based on this, a geometrical approximation
has been introduced, which leads to a continuously
varying transition probability distribution (Fig. 9).
According to our estimates this rounding and the
shift of the transition probability are too small to
be experimentally detectable for rescaled tempera-
tures Θ− & 3. This range still features the critical
Casimir contribution discussed in the present study.
Instead, for T = Tc, finite-size effects are expected
to play a major role.
6. We have also studied the scaling function G of the
effective potential for the bridged state as a func-
tion of the rescaled temperature Θ− (see Fig. 10).
For small distances ∆, the bridged state is stable,
i.e, G < 0, for all rescaled temperatures Θ−. Upon
increasing ∆, the bridged state becomes meta-
stable compared to the separated state at a tran-
sition temperature Θ
(t)
− . Finally, we have studied
the temperature dependence of the effective force K
between two colloids for various small separations
D whilst they are still connected by a liquid bridge
(see Fig. 11). Far from the critical point and for all
separations studied, the influence of the interfacial
tension resulting from the extension of the inter-
face dominates the overall force. As the tempera-
ture approaches Tc, critical Casimir forces start to
emerge and, as a function of Θ− → 0, the overall
force levels off at a constant value, which is in very
good agreement with the Derjaguin approximation
for KDA(∆→ 0,Θ− = 0).
The aim of this study is to elucidate the bridging tran-
sition induced by two colloids in the two-phase region of
a near-critical solvent. Concerning the behavior in d = 3
and far away from the consolute point of the solvent, the
general consensus in the literature is that colloids con-
nected by a liquid bridge are pulled together by an at-
tractive wetting-induced interaction, which is of the same
order of magnitude as the bare dispersion interaction po-
tential which also acts between the spheres.45 Upon ap-
proaching the critical point of the solvent, the attractive
solvent mediated interactions become even stronger. We
have analyzed within MFT (d = 4) the effective inter-
actions between parallel colloids in a solvent which is at
the bulk critical concentration, by examining closely the
bridging of the colloidal particles from the perspective of
critical adsorption at a single colloid embedded in the
less preferred phase.
We expect that the simplicity of the system under
study here allows one to experimentally corroborate our
theoretical findings for cylindrical particles, in particular
the predictions concerning the rupture of liquid bridges.
As a paradigmatic system we propose a binary liquid
mixture, such as water-lutidine, with micron sized silica
colloids (not necessarily cylindrical, but strongly elon-
gated in one direction), which can be chemically deco-
rated such as to be completely wetted by the water-rich
phase (possibly enriched with a strong hydrophilic dye).
A fixed distance between the colloids within the lutidine-
rich phase can be realized by optical tweezers. The thick-
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ness of the adsorption layer surrounding the colloids can
be extracted by video microscopy as a function of tem-
perature. We expect that close to but below the critical
point there are additional impeding issues, such as optical
limitations. Therefore the experimental approach should
be tested first far away from Tc in order to see whether a
bona fide first-order bridging transition can be detected
and monitored. Subsequently, these observations can be
used in order to follow the formation of liquid bridges in
near-critical solvents.
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Appendix A: Derjaguin approximation for two cylindrical
particles
The Derjaguin approximation (DA) allows one to de-
termine the force between two close objects with curved
surfaces in terms of the corresponding forces between par-
allel, planar plates. To this end the surfaces are subdi-
vided into infinitesimal, flat surface elements. Assuming
additivity of the forces between these elements provides
an integral expression for the force between curved ob-
jects in terms of the force between two planar walls.
In the case of two parallel cylinders, the DA cuts the
two surfaces into parallel, infinitesimally thin stripes.22,70
Thus, each surface is parametrized by a continuous pa-
rameter ρ, tracking two parallel stripes at positions ±ρ
from the axis of each particle. The distance between
two adjacent surface elements on two colloids is given
by L(ρ) = D + 2R − 2
√
R2 − ρ2, where D is the short-
est surface-to-surface distance between the two cylinders
and R is the radius common to both particles. The
DA is valid for D  R, i.e., ∆ = D/R → 0. In this
limit one can employ the so-called “parabolic distance
approximation”11,18,22 L(ρ) ≈ D (1 + ρ2/(RD)).
A visualization of these two distance formulae is shown
in Fig. 12(a) for a fixed distance ∆ = D/R = 0.3.
For this medium-sized distance, which is not particularly
close to the DA limit ∆→ 0, the resulting difference for
the scaling functions K
(cyl)
(a,b) between the above two dis-
tance formulae is still small (see Fig. 12(b) and details
below), even close to Tc, i.e., for Θ± → 0, where the
underlying interaction is long ranged. The deviations
are more noticeable in the case of opposing boundary
conditions (+,−) at the surfaces of the particles. Here,
however, we focus on particles with equal boundary con-
ditions (+,+), for which the agreement is very good.
Based on the scaling functions k(a,b) of the critical
Casimir force between two planar walls with boundary
characteristics a and b, respectively, the force between
two cylinders follows from integrating the force acting on
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FIG. 12. (a) Sketch of the geometrical aspects of the DA.
The force between two cylindrical colloids (gray areas with
surfaces as black lines) is calculated by assuming additivity
of the forces between infinitesimally small and planar sur-
face elements. Additionally, we approximate the true dis-
tance L(ρ) between the surface elements by the so-called
“parabolic distance approximation” indicated by the dashed
red curves and the light red areas. (b) The normalized
DA scaling function K
(cyl)
(a,b) of the force between two cylin-
ders (see Eq. (A2)), in d = 4 for the boundary conditions
(a, b) = (+,±), as obtained either via the true distance
formula L(ρ) = D + 2R − 2√R2 − ρ2 (black and green
solid lines), or via the “parabolic distance approximation”
L(ρ) ≈ D (1 + ρ2/(RD)) (red and golden dashed lines) for a
fixed scaled surface-to-surface distance ∆ = D/R = 0.3.
each surface area element ds(ρ) = 2dρ, per generalized
length L of the cylinders,
FDA(D,R, T ) = kBTL
R∫
0
2dρ
L(ρ)d
k(a,b)
(
±L(ρ)
ξ±
)
, (A1)
where the sign in the argument of k(a,b) and the index of
ξ± are given by the sign of t = (T −Tc)/Tc (for an upper
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critical point).
Inserting L(ρ) ≈ D (1 + ρ2/(RD)) into Eq. (A1), to-
gether with two consecutive integral substitutions ρ →
α = ρ/
√
RD and α→ β = 1 + α2, results in
FDA(D,R, T )
= kBTL R
1/2
Dd−1/2
×
∫ 1+∆−1
1
dβ (β − 1)−1/2 β−d k(a,b)
(
±β D
ξ±
)
=
kBTL
Rd−1
1
∆d−1/2
(A2)
×
∫ 1+∆−1
1
dβ (β − 1)−1/2 β−d k(a,b)(±β∆Θ±)︸ ︷︷ ︸
K
(cyl)
(a,b)
(∆,Θ±)
where K(a,b)(∆,Θ±) = ∆−(d−1/2)K(cyl)(a,b) (∆,Θ±) is the
DA scaling function of the force (see Eq. (11)) and
Θ± = R/ξ± is the rescaled temperature. The results
of the numerical integrations, based on the MFT data in
d = 4 for the film scaling function k(a,b),
68 are shown in
Fig. 12(b).
In the context of the present study, the two colloids
have the same adsorption preference (a, b) = (+,+). In
the main text we apply the notation K
(cyl)
DA := K
(cyl)
(+,+) in
order to indicate the use of the DA. The effective poten-
tial Ωi can be obtained from the force according to the
relation (Eq. (11))
ΩDAi (D,R, T ) =
∫ ∞
D
dzFDA(z,R, T ), (A3)
which leads to the scaling function (see Eqs. (9) and (10))
GDA(∆,Θ±) =
G
(cyl)
DA (∆,Θ±)
∆d−3/2
=
∫ ∞
∆
d∆′KDA(∆′,Θ±)
(A4)
and in turn
G
(cyl)
DA (∆,Θ±) = ∆
d−3/2
∫ ∞
∆
d∆′
K
(cyl)
DA (∆
′,Θ±)
(∆′)d−1/2
=
∫ ∞
1
dζ
K
(cyl)
DA (ζ∆,Θ±)
ζd−1/2
. (A5)
We insert the scaling function of the critical Casimir
force K
(cyl)
DA = K
(cyl)
(a,b) from Eq. (A2) into Eq. (A5) and
consider the limit ∆→ 0 in the upper limit of integration.
This renders the scaling function of the potential G
(cyl)
DA
G
(cyl)
DA (∆→ 0,Θ±) =
∫ ∞
1
dζ
∫ ∞
1
dβ
1
ζd−1/2
× (β − 1)−1/2 β−d k(+,+)(±β ζ ∆ Θ±). (A6)
This expression can be simplified by employing the sub-
stitution β → η = β ζ. After changing the order of
integration and by using the relation
∫∞
1
dζ
∫∞
ζ
dη =∫∞
1
dη
∫ η
1
dζ, the result of the second integration is∫ η
1
dζ (η − ζ)−1/2 = 2√η − 1, so that
G
(cyl)
DA (∆→ 0,Θ±) = 2
∫ ∞
1
dη
√
η − 1 η−d
k(+,+)(±η∆ Θ±). (A7)
If, instead, the finite integration limit 1 + ∆−1 in
Eq. (A2) is kept, the calculation of the potential can
be performed similarly, but with an additional term in
the scaling function G
(cyl)
DA of the potential, resulting in
the scaling function given in Eq. (19). By using k(a,b)
instead of k(+,+), these results can again be generalized
to the case of distinct BCs.
Appendix B: Comparison with the van der Waals
interaction in d = 3
The van der Waals (vdW) pair potential is long-
ranged. In the present context, for separations ∆ 
1, the vdW interaction potential between two identical
cylinders is given by83
UvdW (∆) = −AH
24
Ly
R
∆−3/2, (B1)
where AH is the so-called Hamaker constant, which is
an energy typically within the range of AH ≈ 1 ×
10−19 J . . . 1× 10−20 J, and Ly is the length of the cylin-
der.
In order to provide a better understanding of how this
potential compares with the critical Casimir potential at
small ∆, we estimate the vdW interaction for an experi-
mentally relevant system in d = 3. Considering two iden-
tical, rod-like particles of length Ly = 2µm and of radius
R = 200 nm, the vdW potential for a surface-to-surface
distance D = 50 nm amounts to UvdW = −1.33×10−19 J
based on AH = 0.4 × 10−19 J (as used in Ref. 43)
and UvdW = −3.33 × 10−20 J for the lower limit of
AH = 1 × 10−20 J. For this system, the vdW poten-
tial can be compared directly with the strength of the
critical Casimir potential. While Ref. 43 reports such
a comparison for spherical colloids immersed in a binary
mixture at off-critical concentrations, it does not directly
translate to our study, which considers cylindrical col-
loids and a liquid at the critical concentration; however,
most importantly the levels of description of the scaling
function for the critical Casimir interaction differ. Ref-
erence 43 employs two limiting functions, for D  ξ and
D  ξ, respectively, both for the force as well as the
potential. In Ref. 43 the comparison with the vdW in-
teraction is based on the first limit, which is valid for
T → Tc. However, this limiting form (corresponding to
Θ− → 0 in our notation) is not reliable for nonzero val-
ues of Θ− (as studied here) because the expression for
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T = Tc tends to overestimate the critical Casimir force
and potential for Θ− > 0. The DA scaling function in
Eq. (19) has the benefit of being a reliable approxima-
tion in the limit ∆ = D/R → 0, without restrictions
on the ratio D/ξ. As such, it also contains the limit
Θ− → 0, with GDA(∆  1,Θ− = 0) ∝ ∆−(d−3/2) (due
to G
(cyl)
DA (∆ → 0,Θ = 0) finite, see Sec. II B and be-
low), which in d = 3 is the same power law as the one
for the vdW potential in Eq. (B1). Considering Θ− = 0
and d = 3 in Eq. (19), the scaling function of the critical
Casimir potential reduces to
GDA(∆,Θ− = 0) = ∆−3/2G
(cyl)
DA (∆, 0)
≈ pi
4 ∆3/2
k(+,+)(0), (B2)
which, in favor of a more direct comparison with
Eq. (B1), neglects the second term in Eq. (19), which
can also be expressed analytically, but gives rise only to
a correction of a few percent. Thus the critical Casimir
interaction amounts to
Ωi,DA(L,D,R, Tc) ≈ kBTc Ly
R
GDA(∆,Θ−)
≈ 62.8 kBTc k(+,+)(0) (B3)
≈ −2× 10−19J
for the geometric features given above and for Tc =
300K. The value k(+,+)(0) = −0.75 for the slab scal-
ing function is taken from Monte Carlo simulation data
in d = 3.84 This gives a critical Casimir interaction
which is larger than the estimate for the vdW interac-
tion by a factor between 2 and 6. Generally, the ratio
of critical Casimir to vdW interactions is given by the
ratio 24 kBTcG
(cyl)(∆,Θ−)/AH . Similarly, Ref. 43 re-
ports that the vdW and the critical Casimir potential
for cylinders share the same power law (albeit, with a
different exponent for spheres). For off-critical interac-
tions between spherical colloids, Ref. 43 reports a critical
Casimir potential which is ten times larger than the vdW
potential .
Beyond the comparison close to the critical point —
where the critical Casimir interaction is strongest —
Eq. (19) allows one to determine a rescaled temperature
Θ∗− above which (up to T = Tc) the critical Casimir
interaction dominates over the vdW potential. Con-
cerning the example discussed above and taking the ap-
proximation (i) in Fig. 9 of Ref. 84 for the slab scal-
ing function k(+,+)(x) in d = 3, we find Θ
∗
− = 3.88
for ∆ = D/R = 0.25. Therefore, the vdW interaction
has to be taken into account for rescaled temperatures
Θ− > Θ∗− = 3.88. The comparison with the vdW in-
teraction provided here can serve as a limit for the tem-
perature range within which the critical Casimir force
dominates over all other non-singular background contri-
butions.
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